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An orthogonal array OA(N, m, s, t) attaining the Rao [Factorial experiments 
derivable from combinatorial rrangements of arrays, 3. Roy. Statist. Soe. 9 (1947), 
128-139] bound on parameters i  said to be complete. We here investigate com- 
plete orthogonal arrays with s=2 symbols. The cases t=6, 7 are completely 
characterized. Also, for 8 ~< t ~ 13, complete orthogonal arrays are almost entirely 
characterized. © 1994 Academic Press, Inc. 
1. INTRODUCTION AND PRELIMINARIES 
An orthogonal  array OA(N, m, s, t) is an m × N matrix A with entries 
from a set of s distinct symbols such that every t × N submatrix of A 
contains all possible t × 1 column vectors with the same frequency 2. The 
numbers N, m, s, t, 2 are called the size, constraint, level, strength, and 
index of the array, respectively. Clearly, N = 2s t. In an OA(N, m, s, t) with 
t/> 2, Rao [9]  proved the following inequalities, 
i=0  
i=0  g 
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1)g+ 1 
if t=2g;  t 
if t=2g+ 1. 
(1.~) 
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An orthogonal array attaining the bound (1.1) is said to be complete. 
Noda [-7, 8 ] characterized complete orthogonal arrays of strength 3, 4, and 
5. Hong [4] gave a complete characterization for such arrays for the case 
s~>3 and g~>3; some interesting discussion on the case s=2 is also 
available in Hong [4]. Kageyama [5] investigated two-level complete 
orthogonal arrays but his characterization for t ~> 6 is not true because of 
an incorrectness in the second statement of his Lemma 2.3. In this paper, 
we consider characterization of two-level complete orthogonal arrays. 
Some preliminary results, useful in the sequel are presented below. 
We begin with some necessary conditions for the existence of a complete 
OA(N, m, 2, 2g). Let So(x) = 1, St(x) = x, and for h ~> 2, define 
&(x)  = h -  l { xSh_  l (x)  - (m - h +2)  &_2(x)}. (1.2) 
Then the following result can be extracted from the well-known Delsarte 
theory [23; see also [ l ]  in this context. 
TIqEOREM 1.1. The following conditions are necessary for  the existence of  
a complete orthogonal array OA(N, m, 2, 2g): 
(a) N is divisible by 22g. 
(b) The equation So(x )+S l (x )+ ... +Sg(x)=O has exactly g 
distinct integral-valued roots, say x 1 .... , Xg. 
(c) Let Sh0 = (~), 0 <~ h <~ g, and shj = Sh(xj), 0 <~ h <<. g, 1 <~j <~ g. Then 
for  each j (0 <~j <. g), nj = g 2 - -  1 N(~2h=o ShJSho) is a positive integer. 
The following result (see [51) will also be helpful. 
THEOREM 1.2. (a) A complete OA(N, m, 2, t) exists whenever m = t + 1. 
(b) Non-existence o f  a complete OA(N, m, 2, 2g) implies that of  a complete 
OA(N', m + 1, 2, 2g + 1). 
From Noda [7] (see also Theorem 1.2(b)), it is known that for t = 4 or 
5 a complete OA(N, m, 2, t) exists if and only if m = 5 or 6, respectively. 
The cases t = 6, 7, 10, 11 have been treated in the next section. From 
Theorem 1.2 and what Hong [4, p. 146] seems to indicate quoting a 
private communication of E. Bannai, it appears that for t = 4g' or 4g' + 1, 
with integral g', a complete OA(N, m, 2, t) should exist if and only if 
m = 4g' + 1 or m = 4g' + 2 respectively, although we are not aware of a for- 
mal proof of this in a published form. Therefore, the cases t = 8, 9, 12, 13 
have also been treated briefly in Section 3. Some concluding remarks have 
been presented in Section 4. For t = 6, 7 we give a complete characteriza- 
tion while for 8 < t~< 13 characterization has been done over m ~< 109, a 
range which appears to be sufficient for practical purposes. 
178 NOTE 
2. THE CASES t=6,  7, 10, 11 
We first characterize two-level complete orthogonal arrays of strength 6. 
With g=3 in Theorem 1.1, note that by (1.2), S2(x)=½(xZ-m), 
S3(x) = ~{x 3 -  (3m-2)x} ,  so that the equation in Theorem 1.1(b) yields 
(x+l ){ (x+l )2 - (3m-5)}=O.  Hence 3m-5  (=w 2, say) must be a 
perfect square so that m = 1(w2+ 5) and the roots of this equation are 
xl = - 1, x2 = - 1 - w and x3 = - 1 + w, where w is a positive integer. This 
l(W2 yields S2(x l )=-S3(x l )=-1(w2+2) ,  $2(x2)--3 +3w- l ) ,  $2(x3)= 
l(W2 -- 3w-  1), $3(x2) = $3(x3) = - ~(w 2 - 1). Since m = ½(w 2 + 5), it can 
be seen that E~=0 sZl/sho = (m + 1)(3m - 5)/{2m(m - 2)}. Hence by (1.1) 
and Theorem 1.1 (c), 243nl = (w 4 + 7w 2 + 64)(w 4-4- 4w 2 -  5)/w 2 is an integer. 
Thus 320/w 2 is an integer, i.e., w= 1, 2, 4, or 8. But m= ½(w2+ 5)/>6. 
Hence w=4 or 8, i.e., m=7 or 23. Now the existence of a complete 
OA(N,m, 2, 6) follows from Theorem 1.2(a) for m=7 and from the 
existence of a binary Golay code for m = 23. Thus one obtains 
THEOREM 2.1. A complete OA(N, m, 2, 6) exists if and only if m=7 
or 23. 
By [3, Theorem 5.2], the existence of a complete OA(N, 23, 2, 6) implies 
the existence of a complete OA(2N, 24, 2, 7). Hence by Theorems 1.2 and 
3.1, the following holds. 
THEOREM 2.2. A complete OA(N, m, 2, 7) exists if and only if m= 8 
or 24. 
Consider next a complete OA(N, m, 2, 10). Then m/> 10, and using (1.2), 
the equation in Theorem 1.1(b) simplifies to (x+ 1)[{(x+ 1)2-5(m-3)}  2 -  
(10m2-70m+136) ]=0.  Hence by Theorem l.l(b), the four numbers 
+ {5(m-  3)___ (10m 2-  70m + 136)1/2} 1/2 must be non-zero integers. In 
particular, 10m 2-  70m + 136 must be a perfect square. Let 10m 2-  70m + 
136 =f2, where f is a positive integer. Writing 
u=2f ,  v=2m-7 ,  (2.1) 
this leads to the Pell equation u2 - 10v 2 = 54. By standard results (see, e.g., 
[6, Chap. 8]), the general positive integral-valued solution of this Pell 
equation is (u, v), where, writing Z + for the set of positive integers and 
Cl r .~- 1 {(19 + 6 xfio)r + (19 - 6 X/q-0)r }, 
C2r = (,~']-@20) { (19 + 6 x/'i-6y -- (19 -- 6 x/-i-0)r }, 
the pair (u, v) equals either (a) (8clr+ 10c2~, C1~+8C2r), r zZ+t - ){0} ,  or 
(b) (8c1~- 10c2~, 8c2r- c1~), r 6 Z +, or (c) (12C~r + 30C2r, 3Clr + 12C2~), 
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rEZ+w {0), or (d) (12Clr--3OC2r, 12C2r--3Clr ), reZ  +. By (2.1)and the 
definition off, it follows that the pair ((10m 2 - 70m + 36) 1/2, m) must equal 
either (a) (4Clr+5Czr, 7+½Cl~+4C2r), reZ+w{O},  or (b) (4c1~-5c2~, 
7--½Clrq-4C2r), feZ  +, or  (c ) (6C l r J r -15C2r ,  7-b3Clr+6C2r), reZ+k, ){0} ,  
or  (d )  (6C l r - -  15C2r , 7__ 3Cl r_b 6C2r ), r e Z +. 
Recall that 5 (m-  3) 4- (10m 2-  70m + 136) 1/2 must be perfect squares. 
Hence, by the above discussion, for the existence of a complete 
OA(N, m, 2, 10), it is necessary that one of the following conditions hold: 
(a) m=~+!c  s 3 2 lr-[-4C2r, feZ+L-){0}; 5q-~Clr-bZSC2r , and "~--~Clr-']- 
15c2~ are perfect squares, 
7 1 Z + . (b) m=5--~Clr+4C2~, re , ~+3C1~+15C2r, and ~--~Clr+25C2, 
are perfect squares, 
(C) m=7-b3Clr+6C2r, / ' eZ+ t..) {0};  ~--k5 2___~Clr+45C2r ' and ~+~clr+5 3 
15c2~ are perfect squares, 
7 3 Z + . 5 3 (d) m=~--~c,~+6c2r, re  , 5--5c1~+ 15c2~, and g5 _ _  "-2Clr27~ ±--45C2~ 
are perfect squares. 
We completely enumerate all possible values of m of the forms (a)-(d) 
over the range 10~<m~< 109 and for each such m check the "perfect 
squares" conditions in (a)-(d) above. It is seen that the only admissible 
values ofm over this range are 11 and 68. However, by (1.1), i fm = 68 then 
N= 11290976 and N/2 ~° is not an integer. Therefore, using Theorem 1.2(a), 
given m~< 109, a complete OA(N, m, 2, 10) exists if and only if m = 11. 
From Theorem 1.2, it also follows that given m~< 109+ 1, a complete 
OA(N, m, 2, 11) exists if and only if m = 12. 
3. THE CASES t= 8, 9, 12, 13 
Consider a complete OA(N, m, 2, 8). Then m ~> 8 and by (1.2), the equa- 
tion in Theorem 1.1(b) can be simplified to (x + 1)4 -2(3m-  7)(x + 1)2+ 
(3m 2-  12m + 9) = 0. Hence by Theorem 1.1(b), the roots of the equation 
02 - 2(3m - 7) 0 + (3m 2 - 12m + 9) = 0 must both be perfect squares. Con- 
sequently, the numbers 2(3m - 7) _+ 2(3m 2-  12m + 9) 1/2 are both perfect 
squares. In particular, 3m 2-  12m+9 must be a perfect square. Let 
3m 2 - 12m + 9 = 3{(m - 2) 2 - 1 } =f2. Then f2, and hence f, is an integral 
multiple of 3. Writing f=3v ,  m-2=u,  one obtains the Pell equation 
uz- -3V  2= 1. As before, considering the general solution of this Pell 
equation, one obtains 
m=2 + ½{(2+ 31/2)r q - (2 --  31/2)r}, 
(3m 2 - -  12m + 9) 1/2 = (31/2/2){(2 + 31/2) r -  (2 - -  32/2)r}, 
(3.1) 
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2(3m - 7) + 2(3m 2 -- 12m + 9) 1/2 
= (3 + 31/2)(24 31/2)r + (3 -- 31/2)(2 - 31/2)r-- 2, (3.2a) 
2(3m -- 7) -- 2(3m 2 -- 12m + 9) 1/2 
= (3 + 31/2)(2 + 31/2)r- 1+ (3 - 31/2)(2- 3~/2)r- 1-- 2, (3.2b) 
where r ( )2 )  e Z +. Thus for the existence of a complete OA(N, m, 2, 8), it 
is necessary that m is given by the first equation in (3.1) for some r 
(>~2) e Z +, for which the right-hand sides of (3.2a, b) are perfect squares. 
This condition is very strong and, in particular, it can be seen that over the 
range m ~< 10 9, a complete OA(N, m, 2, 8) exists if and only if m = 9 (cf. 
Theorem 1.2(a)). As before, by Theorem 1.2, given m ~< 109 + 1, a complete 
OA(N, m, 2, 9) exists if and only if m = 10. 
We next consider a complete OA(N, m, 2, 12). Then m~> 12, and by 
(1.2), the equation in Theorem 1.1 (b) simplifies to (x + 1)6 __ ~ l (m) (x  + 1)4 + 
qk2(m)(x+ 1)2-q~3(m)=0, where Oi(m) is a polynomial in m of degree i
(i = 1, 2, 3) and, in particular, ~b3(m) = 15(m - 1)(m - 3)(m - 5). As before, 
by Theorem 1.1(b), ~b3(m ) must be a perfect square, i.e., 15y(y2-4) must 
be a perfect square, where y = m - 3. Let 
y = Du 2, y2 - 4 = Lv2, (3.3) 
where D, L, u, v are unique positive integers uch that D and L are square- 
free. By (3.3), yDuZ-Lv2=4.  Hence q, the highest common (positive- 
integral valued) divisor of D and L must equal 1 or 2 or 4. The case q = 4 
is ruled out as D and L are square-free. Hence q = 1 or 2. If q = 1 then D 
and L are mutually prime and are both square-free; furthermore, 15DL is 
a perfect square since so is 15y(y 2 -4 )  (= 15DLu2v2). It follows that the 
only possibilities regarding the pair (D, L) are (D, L) = (1, 15) or (3, 5) or 
(5, 3) or (15, 1). Similarly, if q=2 then (D, L )= (2, 30) or (6, 10) or (10, 6) 
or (30, 2). For each of these eight possibilities regarding the pair (D, L), the 
second equation in (3.3) gives a Pell equation whose general positive 
integral-valued solution, if any, can be obtained by standard methods 
and then for each such solution one can check whether or not y/D is a 
perfect square as is required by the first equation in (3.3). Adopting the 
above procedure, the details of which are omitted here to save space, it 
can be seen that given m~< 10 9, a complete OA(N, m, 2, 12) exists if 
and only if m = 13 (cf. Theorem 1.2(a)). From Theorem 1.2 it now follows 
that given m ~< 10 9 + 1, a complete OA(N, m, 2, 13) exists if and only if 
m= 14. 
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4. CONCLUDING REMARKS 
From (1.2), it is possible to derive a recursion relation for the sum 
So(x) + Sl(X) + -.- + Sh(x). Using such a relation and Theorem 1.1(b), it 
can be seen that if t ~> 12 then for the existence of a complete OA(N, m, 2, t) 
it is necessary that qi(t)(m) be a perfect square, where ~(t)(rn) is a polyno- 
mial in rn of degree greater than 2. Hence, in consideration of the findings 
in [10], for t~>12, there is a possibility of showing that a complete 
OA(N, m, 2, t) exists for only a finite number of values of m. We, however, 
do not consider this aspect at this stage since large values of t do not seem 
to be of immediate practical interest. 
In view of the results discussed above, we also conjecture that for t/> 4 
and t ~ 6, 7, a complete OA(N, m, 2, t) exists if and only if m = t + 1. 
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